Let(P(a, 3) denote the set of cubic polynomials which have all of their zeros in |z| SI and at least one zero at z=a (|a\ â 1). In this paper we describe a minimal region 2D(a, 3) with the property that every polynomial in (?(a, 3) has at least one critical point in 2D(o, 3) . The location of the zeros of the logarithmic derivative of the function (z-a)m(z-z¡)mi(z-gj)"2 is also discussed.
1. Introduction. Let p(z) be a polynomial of degree n (5; 2) having all its zeros in the closed disk 7: \z\ £1. Ilieff has conjectured [l, p. 25] that if a is a zero of p(z), then at least one critical point of p(z) (i.e., zero of p'(z)) lies in the disk 12-a| :S 1. A more difficult problem related to this conjecture is stated in [2] as follows:
Let <P(a, n) be the set of all nth degree polynomials which have all of their zeros in 7 and at least one zero at the point 2=a. Describe a region SD(o, n) such that (i) 2D(a, n) contains at least one critical point of every p(z)E(?(a, n) and such that (ii) no proper subset of £)(a, n) has property (i).
It is the aim of the present note to describe sets 2)(a, 3), |a| £¡1, and thereby improve the results of Schmeisser [3] and others [4] , [5] concerning the location of critical points of cubic polynomials. We shall define only those sets 2D(a, 3) for which O^a^l, since the remaining sets can then be obtained by rotation. Our main result is Let a, ß be the roots of f2+*if+&o = 0, \a\ £1, \ß\ èl. Then (|a| -1)(|/S| -1)^0, and so |a/3|+l^|a| +\ß\. Multiplying both sides of the last inequality by |a/3| -1 = \bo\ -1 (^0) there follows
which proves Lemma 1.
We can now prove Lemma 2. Let p(z) = (z-a)(z-Zi)(z-z2), where 0<a^l, |zi| =1, and \Zi\ ál. // p'(z) has no zero inside C(a), then Zi=zi or a=zi = l or a=z2 = l.
Furthermore, if pa(z)=(z -a) (z -eia) (z -e~ia) and /a + 6A\ /a-6A\ 0 ±£ ai = cos-1 (-j S a S cos-11-1 = a2 S x, where A = ((4 -a2)/12)1/2, then p'a(z) has a pair of conjugate zeros and as a varies from ai to a¡ these zeros describe C(a). If, however, 0 Sa <«i or a2<a^x, then p'a(z) has a zero inside C(a).
Proof. Let zi = exp [idi ] and z2 = r exp [id2 ] (0 S r S 1 ). To prove the first part of the lemma we note initially that since p'(z) is nonzero inside C(a), the polynomial P(£) » P'(Aï + a/2) = 3^2f2 + A(a-2zi-2zt)t + ZiZa -a2/4
is nonzero in |f | <1. Hence as a consequence of (1) and that the quantity under the radical is nonpositive if ai ^0:^0:2. Furthermore, it is easily verified that as a varies from «i to a2 the points ft, £2 describe the boundary of the unit disk. Finally, if 0^a<o!i or a2<a^TT, then ft and f2 are real and unequal and, since their product is unity, it follows that one of them lies in | f | < 1. This implies the second part of Lemma 2 and concludes the proof.
We next establish Lemma 3. Let p(z) = (z-a)(z-zi)(z-z2), where Oga^l, |zi|<l, and \z2\ < 1. Then p'(z) has at least one zero inside C(a).
Proof.
Since |zi|<l and |z2| <1, there exists a number p (0 <p < 1) such that q(w) = p(pw + (1 -p)a) = p3(w -a)(w -wi)(w -w2),
where |wi| =1 and \w2\ ^1. By Lemma 2, q'(w) has a zero in | w-a/21 ^A and hence p'(z) has a zero (f^I) in the disk
Since A ^a/2 with equality only for a = 1, it is readily verified that every point of y(p, a), except z = 1 in the case a = 1, lies inside C(a). This proves the lemma. Combining Lemmas 2 and 3 we clearly obtain the first part of Theorem 1 for a>0. For a=0 the required result is an immediate consequence of the fact that the modulus of the product of the zeros of p'(z) is less than or equal to 1/3.
To prove the second part of Theorem 1 for the case a>0 it suffices to show that for any point z0 inside C(a) there exists p(z)E®(a, and, combining (3) and (4), we deduce that the derivative of po(z) (z -a)(z-z'i)(z-zQ has a zero at z = z0. Since \z[\ = |z£| =1 implies that |zízá-a2/4| ^3^42, it is easily seen by considering the polynomial pó(AC+a/2) that the second zero of p'0(z) lies outside C(a). This proves Theorem 1 for a>0.
For the case a = 0 we observe that the derivative of z(z -reia)(z -re"-"^'1), 0gag2x, 0 g r g 1,
